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Abstract' The object of the present work is to. study generalized Ricci-r.ecurrent Sasakian manifolds
admitting a quarter-symmetric metric connection. we also introduce and study @-Ricci semi-symmetric sasakiannanifolds admitting a quarter-symmetric metric connection.

rntroduction' The idea of rnetric conrlection with torsion in a Riemannian manifold was
introduced by Hayden (1932). Further some properties of semi-symmetric metric connection has
been studied bv Yano (1970)' Agashe et. ai. (1992) defined anJ studied a semi-symmetric non-
tnetric contrection in a Riernannian manifold. This was further developed by many geometers.
In 1975 Golab defined and studied quarter-symmetric connection in a differentiable manifbld
with affine connection, which generalizes the idea of serni-symmetiic connection. After Golab
quarter syrnmetric connection has been studied by many geometers like as Rastogi (1g1g, LggT),
Mishra et' al', (1980), Yano et. al., (1982) and other. In a recent paper lVlondal et. al., (2009),
studied some ploperties of a quarter-symmetric metric connection on a sasakian manifold.

The concept of generalized Ricci-recurrent manifold. was introcluced by De et. al., (1gg1).
Generalized Ricci-recurrent manifold was studied by many geometers. The notion of Ricci
semi-symmetric Rientarrlliau uranifol<l was intloduced by Deszcz et. al., (1ggg). In the present
paper we study genet'alized R,icci-r'ecttuent Sasakian rnanifolds admitting a quarter-symmetric
metric conuection' \\Ie als<l iutroduce and study @-Ricci semi-symmetric Sasakian manifolds
admitting a qualter-syntrnetr.ic metric connection.

The paper is organized as follows: In section 2, we give brief introduction about Surukiu'
ruanifolds' In section 3, we give some formulae for quarter-symmetric metric connection which
we use later' In section 4, we study generaiized Ricci-recurrent Sasakian manifolds admitting a
quarter-symemtric metric connection. We prove that if a generalized Ricci-recurrent Sasakian
manifold admits a quarter-symmetric metric connection, then B : -2A. In the last sectio' we
have introduced the notion of d-Ricci semi-symmetric Sasakian manifolds admitting a quarter-
symmetric metric connection and show that a Sasakian manifold is /-Ricci semi-symmetric with
respect to Riemannian connection V if and only if it is @-Ricci semi-symmetric with respect to
quarter-symmetric metric connection V.

2' Preliminaries. Let M be an n : (2m* 1)-dimensional almost contact metric manifold
equipped with an almost contact metric structure (6,€,T,9) consisting of a (1,1) tensor field
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/, a vector field {, a l-form 11 and a Riemannian metric A. Then

d26) - -x + ri(x)€, rl(€) : 1, 6t:0; q($X) : g,

s@X,6Y) : g(X,Y) -nV)n(Y)' V X,Y eTM.

ftom (2.1) and (2.2), it can be easily seen that

s(x,QY) : -s(6X,Y), g(X,€) : n(X), V X,Y eTM.

An almost contact metric manifold M is said to be

(a) a contact metric manifold if

s(X,OY'): ai(x,Y), v x, Y eTM;

(b) a K-contact manifold if the vector field { is killing equivalently

Yv{: -$X,

where V is Riemannian connection and

(c) a Sasakian manifold if

(V xilY : e(X,Y)€ - q(Y)X, V X,Y e TM. (2.6)

A K-contact manifold is a contact metric manifold, while converse is true if the Lie derivative

of / in the characteristic direction { vanishes. A Sasakian manifold is always K-contact

manifold. A 3-dimensional K-contact manifold is a Sasakian manfiold.

It is well known that a contact metric manifold is sasakian if and only if

R(X,Y,€) : q(Y)X - q(X)Y, V X,Y €.TM. (2.7)

Ina Sasakian manifeld equipped with the structure (6,€,r1,9), the following relations also hold:

(2.4)

(2.5)

(2.1)

(2.2)

(2.3)

(2.8)

(2.e)

(2.10)

(2.11)

(2.12)

(V xdY : s(X,$Y),
R(€, X, Y) = s(X,Y)€ - q(Y)X,

,S(X,€) = (t -l)q(X),
R(X,€, Y) : r(Y)X - s(*,Y)e,

rt(R(X,Y, Z)) = s(Y, Z)q(X) - s(X, Z)q(Y),

for all X,Y,Z eTM, where S is the Ricci-tensor. For more details we refer tb (Blair' 1976;

Sasaki, 1975 and Yano and Kon' 1984).
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S.Quarter.syrnmetrlcmetricconnection.Hereweconsideraquartersymmetric
metric connection V on a Sasakian manifold given by (Mondal and De' 2009)e

9yY:YxY -\(x)OY
(3.1)

(3.2)

A relation between the curvature tensor fr.1x,Y, Z) of ItrI with respect to the quarter-syrnmetric

metric connection V and R(X,Y, Z) of M with respect to the Riemannian connection V is given

by

fr.1x,y, z) : R(x,Y,z) - 2d'q(x,Y)62 + rl{.X)s(Y' z)(

'rt(Y)e(X, Z)t + {'tT)x - q(X)Y}q(Z)'

Also frorn (3.2) we obtain

S1v,z1:s(y,Z)_2drl($Z,Y)*s(Y,Z)+(n_2)q(Y)nQ),(3.3)

where S and S are the Ricci tensors of the connections V and V respectively' From (3'3) it is

clear that in a sasakian manifold the Ricci tensor with respect to the quarter-syrrmetric metric 
'

connection is sYmmetric'

4. Generalized Ricci-recurrent sasakian manifolds admitting a quarter-symmetric

metric connection. The notion of generalized Ricci-recurrent manifolds was introduced by

De et. al., (1991).

Anon-flatn-dirnensionaldifferentiablenranifold,M(n>3)iscalledgeneralizedRicci
recurrent if its Ricci tensor S satisfies the condition

whereV,intheRiemannianconlrectionandAandBaretwol-forms(Bisnon-zet.o)andare
defined by A(r) : g\r,P), B(r) : g(r:Q) and P and Q are vector fields related to the 1-forms

A = B respectively' Here we give the following definition'

Anon-flatn-dimensionaldifferentiablemanifoldM(n>3)iscaliedgeneralizedRicci-current
with respect to quarter-symmetric metric connection if its Ricci tensor S satisfies the condition

(VxsXr, 4 : A(X)S(Y, Z) + (n - l)B(X) s(Y' Z) (4.1)

(VxSXv, z) : AV)S(Y, z) + (n - t)B(x) s(Y' z) (4.2)

where V is as previous section and S is the Ricci tensor of quarter'symmetric metric connection

V. No* we prove the following theorem

THEOREM4.ILetIvIbeagene'ralized'R'i',cci'-recurrentsasakianmani'fol'cladmitti'ngaquarter-
symmetri,c rnetric connect'ion' Then B - -2A'
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Proof: Let M be a generalized Ricci-recurrent Sasakian manifold adrnitting a
symmetric metric connection. so the equation (4.2) holds. putting z : € in the
(4'2)' we have 

(v.y^ixy, {) : ,A(x)s(y, €) + (n - r)B(x)rtv).
After using the relations (3.9), (2.1), (2.10) the above equation gives

(V.x^9Xr, e) : (n - L)[2A(x) + B (x)]rt(y)
Now

(vx5xr, €) : vx^g(y, €) _ ,g(Vxy, €) _ S(r, Vx€). (4.5)
By virtue of equations (J.1), (2.1), (8.3), (2.10), (2.b) the above equation assumes the forrn

(VxSXv,g) : s(ox,y)+ (r -2n)s(QX,y).
Equating the light hand side of the equations (4.4) and (4.6) we get

(n - t)[2 A(X) + B (X ))n(y) - S (dX,y) + (1 - 2nt) s (,g X, y ).
Putting Y : € in the above equation and then making use of rerations (2.1), (2.8) andit follows that

(n - r)[zA(x) +.41x;1 : s,

which implies (since n > J)

B(X): -2A(X),
for arbitrary vector fields X; which proves the theorem.

5' ' rf-Ricci semi-symmetric sasakian manifolds admitting a quarter-symmetric
metric connection' An n-dimensional Riemannian manifold M is called Ricci semi-symmetric
(Deszcs and Hotlas, 1989) if

( R(X,Y). S)(z,w) _ s,

for all X,Y, where R(x,y) denotes trre curvature operator; which is equivarent to

,g(,R(X, Y, Z),W) + S(2, R(X,y,W)) : O.

quarter-

equation

(4.3)

(4.4.)

(5.1)

(5.2)

(4.6)

(4.7)

(2.10),

(4.8)

It is easy to see that if {e1, €2,"',e,} is a local orthonormal basis of vector field in ll,I ,then
{Qet, dez,' ' ' , <ben} is also a local orthonormal basis. So v/e can consider the following definition.

An n-dimensional Riemannian manifold M is called /-Ricci semi-sSmrmetric admitting aquarter-symmetric metric connection if

S 1816x, dy, 6 z), OW) S (6 z, E(Ox, gy, gw)) : s, (5.3)

where 'R(X, Y) is the curvature operator with respect to quarter-symmetric metric connection
and s is as the previous section. Now we prove the fonowing theorem :
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with respect to R'i;em'ann'ian

H::f#'n^.:;:#;T,T.'Yi:.::"f ::*:;';::##"':#'";;;*''loquo"er.svmme'lrtc

rnetrtc connectionY '

Proof: Consider' the exPression

S (it(x,Y, z)w) + S 1z' ft1x'v'w11'
(5.4)

putting the value of .ft from equation(3.2) in the above equation a'd making use of relation

1z't; *1 r'ut'"

S1ft1x,v,z),w) + S(z'Ft1x'v'w11 
-

\--, : s(R(x,y, z)'w) +n(x)s(Y',4s({'w)

-,r(Y) s (x, z) s (c, w) + q(v )nQ) s (x' w )

-q(x)qZ)S(Y'w)
+ S (z' R(x'Y'w))+'7(x) g(Y' w)S (z' 0

-\(Y)s(x'w)s4'e)+ l(v)r'(w) s1Z'x1 
(5.5)

q(x)rri(w)s(z,v)'

NowputtingthevalueofSfromequation(3.3)intheaboveequationbyvirtueof(2.10),(2'2)'
(2.12) and "y"*-'y**utric 

property of R' we get

s thlX'v' z)w + sg' n1x'v',w11

:s(R(x' Y'z)'w) + s(z'R(x'y'w))

+(3n-2){s(Y'z)r{x)n(w)-s(x'z)q(Y)q(w)

+ s(Y'W)rt(X)nQ) - s(X'Wh(Y)q(z)\

+ {Tt(Y)'tQ)s(X' w) - \(x)q(z) S (Y'w)

+rl(y)4(I,v')s(x' z) _ n!)n(w)S(y,z)}, 
(5.6)

NowreplacingXby6x,Yby.6Y,Zby$Zandwby|Wrespectivelyintlreaboveequation
UY ui't"" of (2'1)' it follows that

- a' 'x'6Y'Ow))
S(rt@x,oY,oz),aw) + s(oz'n@ 

(b.z)

: S(R(OX' OY'62)'OW) + S(OZ'R(OX'OY'0W))'

The theorem at once follows from the equation (5'7)'
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