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Abstract. The object of the present work is to study generalized Ricci-recurrent Sasakian manifolds
admitting a quarter-symmetric metric connection. We also introduce and study ¢-Ricci semi-symmetric Sasakian
manifolds admitting a quarter-symmetric metric connection.

Introduction. The idea of metric connection with torsion in a Riemannian manifold was
introduced by Hayden (1932). Further some properties of semi-symmetric metric connection has
been studied by Yano (1970). Agashe et. al. (1992) defined and studied a semi-symmetric non-
metric connection in a Riemannian manifold. This was further developed by many geometers.
In 1975 Golab defined and studied quarter-symmetric connection in a differentiable manifold
with affine connection, which generalizes the idea of semi-symmetric connection. After Golab
quarter symmetric connection has been studied by many geometers like as Rastogi (1978, 1987),
Mishra et. al., (1980), Yano et. al., (1982) and other. In a recent paper Mondal et. al., (2009),
studied some properties of a quarter-symmetric metric connection on a Sasakian manifold.

The concept of generalized Ricci-recurrent manifold was introduced by De et. al., (1991).
Generalized Ricci-recurrent manifold was studied by many. geometers. The notion of Ricci
semi-symmetric Riemannian manifold was introduced by Deszcz et. al., (1989). In the present
paper we study generalized Ricci-recurrent Sasakian manifolds admitting a quarter-symmetric
metric connection. We also introduce and study ¢-Ricci semi-symmetric Sasakian manifolds
admitting a quarter-symmetric metric connection.

The paper is organized as follows: In section 2, we give brief introduction about Sasakian

~ manifolds. In section 3, we give some formulae for quarter-symmetric metric connection which

we use later. In section 4, we study generalized Ricci-recurrent Sasakian manifolds admitting a
quarter-symemtric metric connection. We prove that if a generalized Ricci-recurrent Sasakian
manifold admits a quarter-symmetric metric connection, then B = —2A. In the last section we
have introduced the notion of ¢-Ricci semi-symmetric Sasakian manifolds admitting a quarter-
symmetric metric connection and show that a Sasakian manifold is ¢-Ricci semi-symmetric with
respect to Riemannian connection V if and only if it is ¢-Ricci semi-symmetric with respect to
quarter-symmetric metric connection V.

2. Preliminaries. Let M be an n = (2m + 1)-dimensional almost contact metric manifold
equipped with an almost contact metric structure (¢,€,7,9) consisting of a (1,1) tensor field

133



134 J.P. JAISWAL, A.K. DUBEY AND R.H. OJHA

é, a vector field &, a 1-form 1 and a Riemannian metric g. Then

P*(X) = =X +n(X)¢, n(€) =1, ¢ =0, n(¢X) =0,
9(¢X,9Y) = g(X,Y) —n(X)n(Y), VX,Y € TM.

From (2.1) and (2.2), it can be easily seen that
9(X,0Y) = —g(¢X,Y), 9(X,£) =n(X), VX, Y € TM.
An almost contact metric manifold M is said to be
(a) a contact metric manifold if
9(X,0Y) = dn(X,Y), V X,Y € TM;
(b) a K-contact manifold if the vector field ¢ is killing equivalently
Nxl= —0X,
where V is Riemannian connection and

(c) a Sasakian manifold if

(Vx9)Y = g(X,Y)§ —n(Y)X, VX, Y € TM.

(2.3)

(2.4)

(2.5)

(2.6)

A K-contact manifold is a contact metric manifold, while converse is true if the Lie derivative
of ¢ in the characteristic direction & vanishes. A Sasakian manifold is always K-contact

manifold. A 3-dimensional K-contact manifold is a Sasakian manfiold.

It is well known that a contact metric manifold is Sasakian if and only if

R(X,Y,€) =n(Y)X —n(X)Y, V X,Y € TM.

2.7)

In'a Sasakian manifeld eduipped with the structure (¢, &,7, g), the following relations also hold :

(Vxn)Y = g(X,¢Y),
R, X,Y) = g(X,Y)§ —n(Y)X,
S(X,€) = (n—Ln(X),
R(X,£Y) = n(Y)X - g(X,Y)§,
n(R(X,Y, Z)) = g(Y, Z)n(X) — g(X, Z)n(Y),

for all X,Y,Z € TM, where S is the Ricci-tensor. For more details we refer to (Blair, 1976;

Sasaki, 1975 and Yano and Kon, 1984).
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3. Quarter—Symmetric metric connection. Here we consider a quarter symmetric
metric connection V on a Sasakian manifold given by (Mondal and De, 2009)

VyY = VxY —n(X)oY (3.1)

A relation between the curvature tensor R(X,Y,Z)of M with respect to the quarter-symmetric
metric connection V and R(X, Y, Z) of M with respect to the Riemannian connection V is given
by
R(X.Y,Z) = R(X,Y,2) — 2dn(X, Y)oZ +n(X)g(Y, 2)§
_n(¥)g(X, Z)€ + {n(¥)X = n(X)Y }n(Z)- (3.2)

Also from (3.2) we obtain
S(¥,2) = S(Y, Z) — 2n(8Z,Y) + (¥, 2) + (n = (¥ )n(Z), (3.3)

where S and S are the Ricci tensors of the connections Vv and V respectively. From (3.3) it is
clear that in a Sasakian manifold the Ricci tensor with respect to the quarter-symmetric metric
connection is symmetric.

4. Generalized Ricci-recurrent Sasakian manifolds admitting a quarter—symmetric

metric connection. The notion of generalized Ricci-recurrent manifolds was introduced by
De et. al., (1991).

A non-flat n-dimensional differentiable manifold M(n > 3) is called generalized Ricci
recurrent if its Ricci tensor S satisfies the condition

(VxS)(Y,Z) = A(X)S(Y,2) + (n = 1)B(X)g(Y,2) (4.1)

where V, in the Riemannian connection and A and B are two 1-forms (B is non-zero) and are

/ defined by A(x) = g(z, P), B(z) = g(z,Q) and P and Q are vector fields related to the 1-forms

A = B respectively. Here we give the following definition.

A non-flat n-dimensional differentiable manifold M (n > 3) is called generalized Ricci-current
with respect to quarter-symmetric metric connection if its Ricci tensor § satisfies the condition

(VxS)(Y,2) = AX)8(Y,Z)+ (n - 1)B(X)g(Y, Z) (4.2)

where V is as previous section and § is the Ricci tensor of quarter-symmetric metric connection
¥. Now we prove the following theorem:

THEOREM 4.1 Let M be a generalized Ricci-recurrent Sasakian manifold admitting a quarter-
symmetric metric connection. "Then B = —2A.
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Proof: Let M be a generalized Ricci-recurrent Sasakian manifold admitting a quarter-
symmetric metric connection. So the equation (4.2) holds. Putting Z = £ in the equation
(4.2), we have

(Vx8)(¥.6) = ACOS(Y,8) + (n — DBX)(Y). (43)
After using the relations (3.3), (2.1), (2.10) the above equation gives
(Vx8)(¥,€) = (n~ D2AX) + BX)ln(Y). N R
Now | :
(Vx8)(¥,€) = Vx5(,6) - §(VxV,8) - (Y, Vxe). (4.5)

By virtue of equations (3.1), 2, B3 (2.10), (2.5) the above equation assumes the form
(Vx8)(Y,€) = S($X,Y) + (1 — 2n)g(¢X, Y). (4.6)
Equating the right hand side of the equations (4.4) band (4.6) we get
(n = D2A(X) + B(X)In(Y) = S(6X,Y) + (1 — 2n)g(6 X, V). - (47)

Putting Y = £ in the above equation and then making use of relations (2.1), (2.3) and (2.10),
it follows that
(n —1)[2A(X) + B(X)] =0, (4.8)
which implies (since n > 3)
: B(X) = —24(X),
for arbitrary_ vector fields X; which proves the theorem.

5.. ¢-Ricci semi-symmetric Sasakian manifolds admitting a quarter-symmetric
metric connection. An n-dimensional Riemannian manifold M is called Ricci semi-symmetric
(Deszcs and Hotlas, 1989) if

(R(X,Y)-S)(Z,W) =0, - (B

for all X,Y, where R(X,Y) denotes the curvature operator; which is equivalent to
S(R(X,Y, 2),W)+5(Z,R(X,Y,W)) =0. (5.2)

It is easy to see that if {e1,eq,- - yen} is a local orthonormal basis of vector field in M, then
{¢e1, pes, - - -, den } is also a local orthonormal basis. So we can consider the following definition.

An n-dimensional Riemannian manifold M is called ¢-Ricci semi-symmetric admitting a
quarter-symmetric metric connection if

S(R(X,4Y,02Z), sW)5(6Z, R(¢X, §Y, pW)) = 0, oo o

where R(X ,Y') is the curvature operator with respect to quarter-symmetric metric connection
and S is as the previous section. Now we prove the following theorem : ¥
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THEOREM 5.1 A Sasakian manifold is ¢-Ricci semi-symmetric with respect to Riemannian
connection V if and only if it is ¢-Ricci semi-symmetric with respect to quarter—symmetric
metric connection V.

Proof: Consider: the expression
S(R(X,Y,Z)W) + 5(2, R(X,Y,W)). (5.4)

Putting the value of R from equation(3‘2) in the above equation and making use of relation
(2.3) we have

SR LW S(Z;RIX, Y\ W)
— _ 3(R(X,Y, 2),W) +n(X)g (Y, Z)5(&, W)
_n(¥)g(X, 2)5(& W) + n(Y)n(2)5(X, W)
—n(X)n(2)S(Y, W)
w8z, RX Y, W)+ n(X)g(Y,W)5(Z,8)
_n(Y)g(X,W)5(2,€) + 2(Y)n(W)5(Z, X)
_n(X)n(W)S(Z,Y)- (5.5)

Now putting the value of S from equation (3.3) in the above equation by virtue of (2.10), (2.2),
(2.12) and skew-symmetric property of R, we get

S(R(X,Y,2)W + Sz RX W)
_ S(R(X,Y, 2),W) + S(Z,R(X, Y,W))
+(3n —2){g(¥, Zn(X yn(W) — g(X, Z)n(Y )n(W)
+g(Y, Wn(X)n(2) — 9(X ,W)n(Y)n(2)}
+H{n(Y)n(2)S(X, W) = n(X)n(2)S(Y, W)
(¥ )n(W)S(X, Z) —n(X n(W)S(Y, 2)}- : (5.6)

Now replacing X by #X,Y by ¢Y, 7 by ¢Z and W by oW respectively in the above equation
by virtue of (2.1), it follows that

S(RGX, 8V, 62), W) + S(67, BIoX, 6Y. 6W))
_ S(R(6X, 6Y,62),6W) + S(9Z, R@X, 4V, 6W)) B

The theorem at once follows from the equation (BT
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